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An estimate of the dispersion of repolarization
times based on a biophysical model of the ECG

Roberto Sassi, Member, IEEE, and Luca T Mainardi

Abstract—Temporal heterogeneity of ventricular repolariza-
tion is a key quantity for the development of ventricular reentrant
arrhythmia. The paper introduces the V-index, a novel electro-
cardiogram (ECG)-based estimator of the standard deviation of
ventricular myocytes’ repolarization times sϑ. Differently from
other ECG metrics of repolarization heterogeneity, the V–index
was derived from the analysis of a biophysical model of the
ECG, where repolarization is described by the Dominant T-wave
(DTW) paradigm. The model explains the shape of T waves in
each lead as a projection of a main waveform (the DTW) and
its derivatives weighted by scalars, the lead factors.

A mathematical formula is derived to link the heterogeneity
of ventricular repolarization sϑ and the V–index. The formula
was verified using synthetic 12-Leads ECGs, generated with a
direct electrophysiological model for increasing values of sϑ (in
the range 20 to 70 ms). A linear relationship between the V–index
and sϑ was observed, V ≈ 0.675 sϑ + 1.8 ms (R2 = 0.9992).

Finally, 68 ECGs from the E-OTH-12-0068-010 database of the
Telemetric and Holter ECG Warehouse (THEW) were analyzed.
The V–index coherently increased after sotalol administration, a
drug know to have QT-prolonging potential (p� 0.001).

Index Terms—Repolarization heterogeneity, Statistical model-
ing of repolarization times, Cardiac transmembrane potentials,
T wave analysis, Dominant T Wave

I. INTRODUCTION

SPATIAL dispersion of ventricular repolarization is a prop-
erty of the human heart and it is responsible for the genesis

of the T–wave on the Electrocardiogram (ECG). However, an
amplification of such dispersion creates suitable conditions
for the mechanism of reentry and favors the development
of ventricular tachicardia/fibrillation [1], [2]. Therefore, being
able to assess repolarization heterogeneity from the ECG
would be of clinical value for the prognosis of ventricular
life-threatening arrhythmia and cardiovascular side-effects of
drugs [3]. Unfortunately, this is still an open challenge [4].

Several metrics related to T–wave morphology (amplitude,
width [5], nondipolar components [6]) and duration (QT
dispersion [7] and Tapex–Tend [8], [9]) have been proposed to
quantify repolarization heterogeneity. Although they proved to
have prognostic significance, it is unclear to what extent they
are representative of the repolarization heterogeneity and of its
origin (apico–basal, transmural, local or global). An issue is
that these indexes were validated on animal observations (or
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in coronary perfused wedge preparations), but extrapolation
to in vivo human ECG recordings is not straightforward [10].
As a result, when applied to human recordings, they showed
limitations [11], [4], have been questioned [12] or provided
controversial interpretations [10], [13], [14]. Only recently,
their validation through computer–simulated ECG models was
performed [15], [6]. While these studies quantified the sensi-
tivity of each index to repolarization heterogeneity, they did
not explain their physical link with repolarization dispersion.
Therefore the quantification of repolarization heterogeneity,
via methods which are explicitly linked to a physical model
of myocardial repolarization, is still missing.

Moving from this scenario, we derived a novel method
to quantify the dispersion of myocytes’ repolarization times,
rooted on a biophysical model of the ECG. The heart and the
thorax were described using the classical Geselowitz approach
[16]. Then we built on the Dominant T-wave formalism
(DTW), first implied by van Oosterom [17]. The weights,
which modulate the DTW to generate the T–wave of each
lead, are known as lead factors [18]. We will show that the
variability of lead factors across successive beats is related to
the standard deviation of the repolarization times.

II. MODELING BACKGROUND

The bidomain model describes the time evolution of the
electrical properties of the myocardial muscle. It was de-
veloped independently by several authors: Geselowitz and
Miller [19], Tung [20] and possibly others, but the original
suggestion of having “interpenetrating domains” is in the work
of Schmitt [21]. In the bi-domain model, the cardiac tissue
is made up of two distinct and separate domains, modeling
the intracellular and extracellular space, which share the same
volume. Each domain acts like a regular volume conductor
with the difference that in each point two potentials and
currents are defined. It is a continuous model and it does not
take into account the individual cells.

The bi-domain model is commonly employed in large
scale simulations, see for example [22]. In here, similarly to
Geselowitz [23], we focus on the resulting potentials produced
at the body surface. This constitutes a volume conductor prob-
lem also, where the conductor (inhomogeneous) is constituted
by the torso. In the frequency spectrum of interest (≤ 1000
Hz) the problem can be safely considered quasi-static and the
potential ψ collected by an ECG lead is given by

ψ = −
∫
H
ci∇φm · ∇Zdv (1)

where ci is the inner domain conductance tensor, φm is
the transmembrane potential (cell’s interior minus exterior
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potential) and ∇Z is the transfer impedance function, relating
the current dipole ci∇φm in the volume dv with the potential
it generates in the lead. The integral is performed over the
volume of the heart H. When the anisotropy ratio of the inner
and outer domains are the same, the integral in (1) is equivalent
[16] to

ψ = −
∫
S
ciφm∇Z · d~s (2)

where S is the surface enclosing the active region of the
heart (endocardium, epicardium and septum). Cardiac tissue
does not satisfy the equal anisotropy condition quite well.
Nevertheless, according to the results in Plonsey & Barr [24]
for a two-dimensional anisotropic cardiac tissue, the equal
anisotropy ratio approximation practically holds, except close
to the site of activation.

Given that the integral in (2) is taken only over the surface
S, the active sources in the heart may be substituted, with
no effect on ψ, by a dipole layer on S with a moment
proportional to φm. This is often called “(equivalent) surface
source model” and it links the potential in a lead with the
cellular transmembrane action potential at the surface S.

A. The DTW formalism
Van Oosterom [17] noticed that when employing equation

(2) to solve the forward electrocardiographic problem during
repolarization, i.e. simulating surface ECG from the heart
electrical activity, one in practice evaluates a linear system
at each time step1. First the heart surface is subdivided in M
contiguous regions (“nodes”) where the sources are lumped
together. Then, one approximates (2), at any instant t, withψ1(t)

· · ·
ψL(t)

 = ψ(t) = A

D1(t)
· · ·

DM (t)

 , (3)

where ψ(t) is a vector of potentials (one for each of the
L leads considered) and A is a transfer matrix. Matrix A
has size [L × M ] and it is fixed for a given subject and a
specific leads configuration. It accounts for both the volume
conductor (geometry and conductivity) and the solid angle
under which the single source contributes to the potentials
in ψ. The functions Dm(t) describes the repolarization phase
of the transmembrane potentials (TMP) of the myocytes of a
given region. From geometrical considerations, the sum of the
elements of each row of the matrix A vanishes. Equivalently
Ae1 = 0 where e1 is a [M, 1] vector whose elements are all
set to 1. The property of A evidences that there is a surface
T-wave only if the functions Dm(t) differ.

Van Oosterom [17] then pointed out that it was possible
from equation (3) to link the shape of the T wave in each lead
to the transmembrane potential. In fact, making the further
approximation that the only difference across different Dm(t)
functions is the repolarization time (RT) ρm, that is Dm(t) =
D(t− ρm), then

ψ(t) = A

D(t− ρ1)
· · ·

D(t− ρM )

 . (4)

1The linearity comes from the linear conductive properties of the torso as
a volume conductor.

The RT ρm is defined here as the instant in time at which the
downslope of the TMP D(t) is maximum. The approximation
is not severe and substantially states that the TMP downslope
is approximately constant across the surface of the heart.

The RT of each node may be equivalently expressed as
ρm = ρ̄ + ∆ρm where ρ̄ =

∑M
m=1 ρm/M is the average

repolarization time. When ∆ρm � ρ̄, the function D(t) can
be expanded in series around ρ̄ leading to

D(t− ρm) = D(t− ρ̄)−∆ρm
dD(τ)

dτ

∣∣∣∣
τ=t−ρ̄

+
∆ρ2

m

2!

d2D(τ)

dτ2

∣∣∣∣
τ=t−ρ̄

+ o(∆ρ3
m).

(5)

Given the fact that Ae1D(t − ρ̄) = 0 and neglecting higher
order terms, the model in equation (4) can be recast into

ψ(t) ≈ −A∆ρḊ(t− ρ̄), (6)

where ∆ρ = [∆ρ1,∆ρ2, . . . ,∆ρM ]T , or, in discrete–time

Ψ ≈ w1Td,

where w1 = −A∆ρ is the [L× 1] vector of lead factors, Ψ
is a [L×N ] matrix containing the N ECG samples recorded
from L leads and Td is a [1×N ] vector obtained after sam-
pling Ḋ(t). The quantity −Td was termed by van Oosterom
dominant T-wave2 [25]. In fact, when the approximation in
equation (5) holds, the single T-waves measured on different
leads are only a scaled version of Td. Methods suitable for the
computation of Td and w1 are briefly reviewed in Appendix
A.

When the dispersion of the repolarization times increases, as
it is speculated for example with ventricular tachycardia [26],
the expansion in equation (6) breaks down and higher order
contributions become relevant. A second order approximation
of equation (4) is

ψ(t) ≈ −A∆ρḊ(t− ρ̄) + 1/2A∆ρ2D̈(t− ρ̄)

Ψ ≈ w1Td +w2Ṫd

(7)

where w2 = 1/2A∆ρ2 is a second set of lead factors and
∆ρ2 = [∆ρ2

1,∆ρ
2
2, . . . ,∆ρ

2
M ]T .

B. Repolarization dispersion and lead factors

The approximation in equation (7) decomposes the surface
T wave into a weighted sum of a function (Td) and its
derivative. The weights w1 and w2 (the lead factors) depend
directly on the transfer matrix A and on the repolarization
times of the nodes (actually their deviations with respect to
the average repolarization time).

One of the goals of this work is to show that, given the
direct relation of the lead factors w1 and w2 with ∆ρ, it is
possible to derive an estimate of the standard deviation sϑ
of the instants ρm. This is a quantity which measures the
dispersion of the repolarization times across the ventricles. The
procedure is based on the definition of a stochastic (simplified)
model for ρm. This is the first step in our reasoning.

2The minus sign was introduced to force the shape to be “upright” as the
T-wave in most ECG standard leads is.
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Fig. 1. Synthetic ECGs (leads V1 to V6, aVR and aVL) computed with the forward model in equation (3), the transmembrane potentials model of equation
(18), the transfer matrix A and the repolarization times ϑm obtained from ECGSIM. Panel (a): sϑ = 20.6 ms. Panel (b): sϑ = 70.9 ms. In both cases,
σϕ = 0 ms and a 30 µV peak-to-valley broadband noise was added to mimic real ECGs. Note the peaking of the T–wave at higher dispersions of repolarization
times.

III. AN ESTIMATE OF THE DISPERSION OF
REPOLARIZATION TIMES

A. A simple model for the repolarization times ρm

Myocytes depolarization times δm are not random. The
actual functioning of the cardiac pump requires that they do
follow largely a physical time-sequence which is determined
by the conduction path in the heart. A careful description
of the isochronous activation lines in a healthy heart was
provided by Durrer et al. [27]. Repolarization obviously takes
place after depolarization. However, repolarization times do
not necessarily follow the same isochronous activation lines.
Moreover, while it is common to refer to a depolarization front
moving along the myocardium, due to the slower change in
the transmembrane potential, during repolarization the current
density is dispersed across the entire ventricles. Therefore, the
instant ρm when the cell repolarizes is not so clearly defined as
δm. A common choice is to select it as the point of maximum
downslope of the TMP.

The action potential duration (APD), ρm − δm, displays its
own spatial variability across the heart and it is not constant
in time. An healthy subject will display a slight physiological
variability across consecutive beats, while in pathological
conditions (e.g. T-wave alternans) such variability might be
greater. However, the dispersion around their average of the
instants δm is smaller than the equivalent quantity computed
for the times ρm.

Given this quickly-sketched scenario, a possible simple
stochastic model for the repolarization time in one of the M
contiguous “nodes” in which the heart surface was subdivided,
is

ρm(k) = ρ̄(k) + ∆ρm(k), (8)

where the value ρ̄(k) is the average time of repolarization
which might change with each beat k, while ∆ρm(k)� ρ̄(k)
is the deviation (“dispersion”) with respect to the average
value, with

∑M
m=1 ∆ρm(k) = 0. Both terms are dependent

on the current heart rate (HR): when HR increases, ρ̄(k) and
∆ρm(k) are expected to decrease. In order to avoid HR–
related influences, we will limit our discussion to the case
of stationary HR. In this situation, we subdivided ∆ρm(k) in

two further terms:

∆ρm(k) = ϑm + ϕm(k). (9)

ϑm models the spatial variability of the repolarization times
for a given subject, at a given HR. It is a function of the
geometry of the heart, i.e. it takes into account the fact that
repolarization starts at the bottom of the ventricles and moves
up. ϕm(k) describes the small, physiological differences in
repolarization times which may occur among successive beats.
In general it is reasonable to consider ϕm(k) � ϑm, as dis-
cussed later. If pathological conditions affect the distribution
of repolarization times, our model will describe it by a change
in ϑm. Recasting the problem from a signal processing point
of view, ϑm is the main quantity we want to measure, while
ϕm(k) is a “noise” term which affects every measurement.

In the model, we take ϕm(k) to be normally distributed as

ϕm(k) ∼ N (0, σ2
ϕ(k)), (10)

where the variance σ2
ϕ(k) is a function of the kth beat and

the mean was set to zero with no lack of generality. In
fact, any change in the average value of ϕ is embedded in
ρ̄(k) of Equation (8). The choice of a normal distribution is
supported by the findings of Zaniboni et al. who studied: (i) the
beat-to-beat APD−60mV in isolated rat ventricular myocytes,
electrically stimulated at fixed pacing rates, and found that
the distributions were normal, at any pacing rate [28]; (ii) the
interbeat APD90 (90% repolarization) distribution in guinea
pig ventricular myocytes and found it was normally distributed
[29]. Note that in (10) the variance σ2

ϕ(k) does not depend on
m, as it is taken to be constant across the different zones of
the heart. This is true only in first approximation, as slight
differences were observed [26].

We also assume cov[ϕi(k), ϕj(k)] = 0 for i 6= j and
cov[ϕi(k), ϕi(h)] = 0 with h 6= k. That is the variations
ϕ(k) are independent random variables, both considering two
distinct locations (i, j) or the same node in two distinct beats
(k, h). These assumptions sound quite crude and deserve
some comments. In fact, the study by [29] showed (and
similar results were confirmed by other groups [30]) that
when myocytes were coupled the APD standard deviation
diminished. This is not in contrast with our hypothesis that
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the random variables ϕi are spatially uncorrelated as equation
(10) describes the overall behavior of a ”macroscopic” region
of the heart, a node including several myocytes. That is, the
term σϕ(k) already embeds the effects of local coupling with
a nodal variability which is smaller then the variability of
isolated myocardial cells.

Finally, when the variance of ϕm(k) is constant among
beats (and this is likely to happen in short time windows),
we drop the explicit dependence on the beat number. Now,
the deviations ∆ρm share the same standard deviation, hence

∆ρm ∼ N (ϑm, σ
2
ϕ). (11)

B. Mean and variance of w1 and w2

For the second order approximation of Ψ given in equation
(7) the lead factors corresponding to lead i (with i = 1, . . . , L
being L the number of available leads) are

w1(i) = −
M∑
m=1

Ai,m∆ρm (12a)

w2(i) =
1

2

M∑
m=1

Ai,m∆ρ2
m. (12b)

From equations (11) and (12a), the quantity w1(i) is a normal
random variable whose sample values can be obtained for each
cardiac beat. Correspondingly, for the central limit theorem,
when M is large, w2(i) is approximatively normal.

Averaging in time, the moments of w1(i) are

E [w1(i)] = −
M∑
m=1

Ai,mϑm (13a)

var [w1(i)] = σ2
ϕ

M∑
m=1

A2
i,m, (13b)

which follows from the facts that: (i) when M is large,∑M
m=1[ϑm + ϕm(k)] ≈ ∑M

m=1 ϑm = 0; (ii) the nor-
mal distribution is stable; and (iii) var

[∑M
m=1 amXm

]
=∑M

i=m a
2
mvar [Xm] when Xm are uncorrelated random vari-

ables [31]. In addition, recalling that
∑M
m=1Ai,m = 0,

E [w2(i)] =
1

2

M∑
m=1

Ai,mE
[
∆ρ2

m

]
=

1

2

M∑
m=1

Ai,m
(
σ2
ϕ + ϑ2

m

)
=

1

2

M∑
m=1

Ai,mϑ
2
m.

Finally, since for the normal random variable ∆ρm the (raw)
moment E

[
∆ρ4

m

]
= ϑ4

m+6ϑ2
mσ

2
ϕ+3σ4

ϕ [32, eq. 5-43 & 44],

var [w2(i)] =
1

4

M∑
m=1

A2
i,mvar

[
∆ρ2

m

]
with

var
[
∆ρ2

m

]
= E

[
∆ρ4

m

]
−
(
σ2
ϕ + ϑ2

m

)2
= 2σ4

ϕ + 4σ2
ϕϑ

2
m.

Hence

var [w2(i)] =
σ4
ϕ

2

M∑
m=1

A2
i,m + σ2

ϕ

M∑
m=1

A2
i,mϑ

2
m. (14)

C. An assessment of the dispersion

The moments in equations (13b) and (14) depend on the
elements of the transfer matrix A and on the deviations ϑm,
which are all unknown quantities. Taking their ratio, we have

var [w2(i)]

var [w1(i)]
=
σ2
ϕ

2
+

∑M
m=1A

2
i,mϑ

2
m∑M

m=1A
2
i,m

. (15)

With algebraic manipulations, the last sum in equation (14)
can be rewritten as

M∑
m=1

A2
i,mϑ

2
m =

s2ϑ︷ ︸︸ ︷(
M∑
m=1

ϑ2
m

M

)(
M∑
m=1

A2
i,m

)

+

M∑
m=1

(
A2
i,m −

M∑
k=1

A2
i,k

M

)(
ϑ2
m −

M∑
k=1

ϑ2
k

M

)
︸ ︷︷ ︸

Ci

,

and using this expression into equation (15) we have

var [w2(i)]

var [w1(i)]
=
σ2
ϕ

2
+ s2

ϑ +
Ci∑M

m=1A
2
i,m

. (16)

Let’s focus on the three terms on the right hand side of
equation (16). The value s2

ϑ is an estimate of population
variance of the set ϑm across the whole heart. It quantifies the
spatial variability of the average repolarization times across
different regions of the ventricles and it is constant across
successive beats. In fact, in stationary conditions, the values
ϑm are fixed in time for a given subject by definition (see
section III-A). Chauhan et al. [26] showed that in healthy
humans, the activation recovery interval (ARI) varies from
about 220 ± 17 ms at the epicardium to about 250 ± 10 ms
on the endocardium thus suggesting (for a healthy subject) a
value of sϑ ≈ 20 ms across the ventricles.

On the other hand, σϕ measures the temporal variability
of the physiological deviations ∆ρm at each node across
successive beats. For the assumption we made in section III-A,
it does not vary across the ventricles. The results of Zaniboni
et al. hint that rat myocytes might display σϕ < 2 ms at
contraction rates > 1 Hz [28] which were further decreased
by about 33% when cells were coupled. Walmsley et al. [30]
found somewhat larger values for isolated myocytes from
guinea pig hearts with σϕ ≈ 4.1 to 8.7 ms. But they also
confirmed that variability in ventricular preparations might
be smaller than in isolated cells, as the interactions among
myocytes have a stabilizing effect. Hence, σϕ < 4 ms is a
realistic value for in vivo human ventricular myocytes.

Finally, for each lead i, the third term can be rewritten as

Ci∑M
m=1A

2
i,m

=
Ci
M

M∑M
m=1A

2
i

=
s(ϑ2,A2

i
)

s2
Ai

,

where s(ϑ2,A2
i
) is a measure of covariance between the

(squared) deviations ϑm and the (squared) elements of the ith

line of the transfer matrix A. s2
Ai

is instead the variance of the
elements composing the ith line of the transfer matrix A. Their
ratio is a normalized measure of covariance and it is the only
term, in equation (16), which depends on the lead i. Recalling
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Fig. 2. Lead V3. Mean values (grey thick circles) and 95% confidence
intervals (grey area) of the metric V for σϕ = 1 ms computed on the exact
values of w1(i) and w2(i) obtained from equations (12a) and (12b) on 128
“beats” (200 different runs were used to ensure statistical convergence of the
confidence intervals). The picture also includes the quantities [σ2

ϕ + s2ϑ +

s(ϑ2,A2
i
)/s

2
Ai

]1/2, with i corresponding to lead V3, (black dots connected
by solid line) and sϑ (dotted line), for comparison.

that repolarization does not display a coherent temporal front,
and that M is large, we expect s(ϑ2,A2

i
)/s

2
Ai

to be smaller than
s2
ϑ. For example, for the data used next in section IV, the ratio
s(ϑ2,A2

i
)/(s

2
Ai
s2
ϑ) is on average −0.106± 0.235 across the 12

standard leads.
Given that σϕ � sϑ and s(ϑ2,A2

i
)/s

2
Ai
� s2

ϑ,

Vi =
std [w2(i)]

std [w1(i)]
≈ sϑ (17)

provides an (approximate) measure of the dispersion of the
average deviations ∆ρm across the ventricles. In first approxi-
mation, the quantity Vi is independent from the transfer matrix
A. Therefore it neither depends on the volume conductor nor
the lead considered and we will refer to it as the “V–index”.

D. Practical notes

Summarizing, the steps needed to compute the V–index
from a surface ECG recording are:

1) The model expects the heart rate to be stationary during
the analysis, so ECG in controlled conditions should
be obtained. After fiducial points detection and beats
classification, the JT segment of each normal beat should
be approximately located.

2) Values for Td, w1 and w2 should be estimated on the
JT segment of each beat. Several approaches can be
followed. We described the ones we selected for this
work in Appendix A.

3) In each lead i, sample standard deviations are computed
for the values of w1(i) and w2(i) obtained on consecu-
tive beats. Then equation (17) is used to evaluate Vi.

4) As L different estimates are obtained, one for each lead,
the consistency of the final V–index can be increased by
averaging them. A large number of leads is also useful
to implicitly increase the consistency of the estimates of
w1 and w2 as discussed in [33].

IV. TEST OF THE METHOD ON SYNTHETIC ECG

To provide a first assessment of the relation expressed in
equation (17), a forward model for the electrical activity of
the human heart in healthy conditions was employed. The
forward model was described in equation (3) and we followed
the implementation found in the ECGSIM software [34]. In
practice, the heart surface is subdivided into 257 zones (42/54
representing the left/right endocardium, 61/70 the left/right
epicardium and 14/16 the left/right septum) and in each one
the myocytes are lumped into a single node. This means that,
as a simplification, all the cells of a given node share the same
transmembrane potential. To perform the simulations, we re-
implemented the model within MATLAB (The MathWorks,
Natick, MA) using the data and the forward transfer matrix
A obtained from ECGSIM (version 1.3) and belonging to a
healthy male individual [35]. In particular, within ECGSIM
the standard deviation of the repolarization deviations sϑ was
increased from the default values of 20.8 ms to 30.8, 40.8,
50.8, 60.8, and finally to 70.7 ms. This choice permits a direct
comparison with the results in [15]. For each one of these
6 values, the set of transmembrane potentials was exported
from ECGSIM and each potential (in mV) individually fitted
(nonlinear least square) with the model [36]

S(t) = γ

B(t−δ)︷ ︸︸ ︷
1

1 + eα(t−δ)

D(t−ρ)︷ ︸︸ ︷
1[

1 + eβ1(t−ρ)
] [

1 + eβ2(t−ρ)
] −100.

(18)
where B(t − δ) describes the depolarization part of the
transmembrane potential and D(t − ρ) the repolarization.
The delay ρ is approximatively the point at which D(t − ρ)
exhibits the largest negative slope3 and we take it to be the
repolarization time. The fitting of an analytical model refined
slightly the positions of these repolarization times with respect
to ECGSIM and, as a consequence, their standard deviation
minimally changed. The actual values of sϑ used throughout
the paper were: 20.6, 30.5, 40.6, 50.6, 60.6 and 70.9 ms.

To perform the actual simulations, for each of the 6 sets
of ECGSIM repolarization deviations ϑm, and for each value
of σϕ in the range 0.1 to 100 ms, the instants ρm were built
using equation (9); then the transmembrane potential evaluated
with equation (18) and sampled at 1000 Hz. Finally, using
the linear forward transfer matrix A, the electrical activities
of the nodes were combined to provide the potentials at the
locations of the 8 independent standard leads (V1–V6, aVR
and aVL). Samples of the generated synthetic ECG signals are
reported in figure (1). The procedure was repeated K = 128
times to mimic a sequence of consecutive beats, recorded with
a stationary heart rate (for each one a different set of ϕm

3Actually the point of maximum negative slope is located at t = ρ −
log(2)/ε+ o(ε3) where ε = (β1 + β2)/2 does not depend on ρ.
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Fig. 3. The V–index evaluated on 128 synthetic ECG beats constructed using equation (3). The deviations ϑm were obtained from ECGSIM with sϑ = 20.6
ms while the values of ϕm were drawn from a zero-mean normal distribution of variance σ2

ϕ. No noise was added to the synthetic ECG for this computation.
The lead factors were estimated: (i) with equation (27) (black dots •); and (ii) with equation (28) (empty circles ◦). The picture contains the mean V values,
averaged across the L leads. The horizontal dotted line is set to the value sϑ = 20.6. The grey area encloses the 95% confidence interval of the estimator
V when computed on exact values of w1 and w2. The black continuous line marks the values computed from equation (16). For values of σϕ > 100 ms
third and higher order terms in equation (5) are generally not negligible and the approximation breaks down (not shown in picture).

was drawn from a normal distribution of standard deviation
σϕ). The number of consecutive beats, 128, was chosen to
match the one used when testing for T wave alternans (TWA)
with the spectral method [37], as commonly employed in the
clinical routine. TWA is also supposed to arise from increased
repolarization dispersion.

A. Validity of the approximation: an exact check

As proof–of–concept, we first tested the validity of our
derivation. Given the fact that, for each synthetic beat, the ma-
trix A and the set of ∆ρm values were known, we computed
the exact values for w1 and w2 as given in equations (12a)
and (12b). Then, for each lead, these values were employed
to estimate the V–index, as defined in equation (17). Also we
estimated the 95% confidence intervals of V with a Monte
Carlo approach by repeating the procedure on 200 different
runs of 128 synthetic beats each. The results are reported in
figure (2) for lead V3.

According to the analytical reasoning of section III-C, the
V–index should match the square root of the quantity reported
in equation (16). As shown in figure (2) this is actually
the case: the average values estimated with the Monte Carlo
procedure nearly overlap with the predictions of equation (16).
We verified that this happened for every lead. As expected,
the picture also makes clear that V is a biased estimator of sϑ
(dotted line in the picture). The small bias is due to the fact that
V is influenced by the normalized covariance s(ϑ2,A2

i
)/s

2
Ai

,
which varies across leads.

B. Validity of the approximation: estimating the lead factors

In practical situations, the lead factors are unfortunately
unknown and must be estimated from the surface ECG. At this
purpose, we described in the appendix A – see equation (27)
– a technique we recently introduced [38] and that we further
improved. Using the method, once picked out the JT segment

from any of the 128 synthetic ECG beats, the lead factors
w1 and w2 had been estimated for each lead simultaneously.
Then the V–index was computed across the 128 beats using
equation (17) and averaged over the L leads.

The results for sϑ = 20.6 ms, are reported in figure (3) with
black dots. For σϕ < 10 ms the contribution of the interbeats
variability to the final value of V is negligible as expected
from equation (16) and section III-C. When σϕ grows further
(even if this might not be significant from a physiological
perspective), the values of V still follow the general behavior
predicted by equation (16). On the other hand, the estimated
V generally lies outside the 95% confidence interval obtained
using the exact values of w1(i) and w2(i) in equations (12a)
and (12b). That is, the numerical procedure which computes
the lead factors from the surface ECG introduces a second
source of bias. For example, in the physiologically relevant
range 0.5 ≤ σϕ ≤ 4 ms, the average value of V obtained with
the lead factors estimated from the synthetic ECGs is 15.6±1.0
ms versus 18.4±0.8 when computed with the exact values of
w1 and w2.

The average values of V for 0.5 ≤ σϕ ≤ 4 ms obtained
for different values of sϑ are included in figure (4). In these
simulations, to increase the similarity with real ECGs, a 30 µV
peak-to-valley broadband noise was added; the amplitude of
the noise was selected to be the largest acceptable according to
the IEC 60601-2-51 standard [39]. The metric evolves linearly
with sϑ and the bias is larger than in figure (2) as noted
in figure (3). This confirms that the bias introduced in the
estimate of the terms w1(i) and w2(i) is larger than the one
due to the covariance term in equation (16).

Influence of the estimation method: Given the fact that
the method used to estimated w1 and w2 from the surface
ECGs proved to be responsible for most of the bias, we
tested two additional methods, also described in appendix A.
The first is given by equation (28), and is by definition less



Copyright (c) 2011 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication.

7

20 30 40 50 60 70

20

30

40

50

60

70

sϑ (ms)

m
ea
n
V

(m
s)

Fig. 4. Values of the mean V–index computed for different sets ϑm
obtained from ECGSIM (noise was added to the synthetic ECGs), averaged for
0.5 ≤ σϕ ≤ 4 ms (black dots, the error bars are twice the standard deviation
long). The lead factors were estimated with equation (27). The regression
line (continuous line) has equation V ≈ 0.675 sϑ (R2 = 0.9992). For
a comparison, the line V = sϑ is plotted as well (dotted line). The same
average values of V , but computed with the “basic” method of equation (28),
are plotted with stars. The grey area is the 95% confidence interval of the
average value of V when obtained from exact lead factors values as in figure 2
(but in there they were referred to the single lead V3).

accurate (“basic” approach). The results for sϑ = 20.6 ms
(empty circles) are included in figure (3). Surprisingly they
are practically equivalent (V = 15.9±0.9 ms) for small values
of σϕ. For σϕ > 10 ms the technique is less effective, as the
errors in the estimate of w2 build up and limit the accuracy
of V . On the other hand, when the ECG is noisy, the method
selected to estimate the lead factors w1 and w2 plays a larger
role. For example, the estimates of V computed using the
“basic” approach are slightly less accurate, as figure (4) shows.

We also implemented a method which takes into account the
third order derivative of D(t) and is therefore more accurate.
Nevertheless, the results are still equivalent4 to the other ones
for σϕ < 10 ms, with only a limited reduction in the standard
deviation of the estimates (V = 15.9± 0.7 ms).

V. TEST OF THE METHOD ON REAL ECGS

The tests performed on synthetic ECG signals were com-
plemented by analysis on real ECG recordings. The experi-
ments were performed on the E-OTH-12-0068-010 database,
provided by the Telemetric and Holter ECG Warehouse of the
University of Rochester (THEW), NY. The data were collected
and previously analyzed by Kääb et al. [40]; please refer to
their work for a complete description of the study protocol.
Briefly, 17 patients were enrolled for documented torsades

4When larger σϕ are considered, the third order method displays a larger
accuracy in following the expected regime. While this follows from the theory,
it is of limited practical use. For this reason we think that the increased
numerical complexity of the third order method can be avoided in practical
situations, at least in the current formulation.

de pointes (TdPs) after administration of a drug with QT-
prolonging potential. All patients tested positive for mutation
of the major LQTS genes. A matched control group of 17
subjects was also enrolled and consisted of patients infused
with sotalol for prevention of paroxysmal atrial fibrillation. At
enrollment a baseline ambulatory ECG was recorded for each
subject in supine position (12 standard leads, sampling rate:
1000 Hz, LSB: 5µV, duration: 95.6s or 218.5s for 17 cases
each). Then, both groups were infused with a dose of 2mg/kg
of sotalol, a drug known to prolong the QT interval, and a
second ECG acquired at peak concentration of the drug.

The previous study of Kääb et al. showed that while the
corrected QT (QTc, Bazett) was not significantly different
across populations at enrollment (two sample t-test), it then
differed after sotalol infusion. Also QTc differed significantly
(paired t-test) within each population before and after infusion.
While we do not have any clinical focus in here, the data
permitted an indirect verification of the V–index. In fact,
while the repolarization deviations are unknown and a direct
comparison is impossible, the QT prolongations after drug
infusion should lead to an increased sϑ and then V–index.

A. Computational details

We selected the eight independent leads V1–V6, aVR and
aVL, then each ECG in the E-OTH-12-0068-010 database
went through a standard preprocessing. The first 10 seconds
of each ECG were discarded to exclude boundary effects
caused by the filter in the ECG device (affecting many
recordings). Then band pass filtering was used to minimize
baseline wandering and high-frequency disturbances. The filter
had pass-bass [0.05, 40] Hz (3rd order Butterworth filter) and
was applied twice, after time reversal, to avoid any phase
distortion. We employed the list of fiducial points supplied in
the database. They were obtained from an automatic labeling
software. To reduce the possibility of misclassifications, we
built an average template using all the normal beats in the
record and then marked as abnormal those ones which had
a correlation factor with the template smaller than 0.9. The
template was also used for a robust detection of the end of
the QRS and T waves.

Finally, as the band-pass filtering imposed a zero DC
component in each lead, a common baseline level was restored.
This step showed to be critical. In fact, equation (7) does not
contain any constant term to compensate from shifts in the DC
component. While not theoretically relevant, this term could
be added in the future to better suit practical situations.

The computation of the V–index was performed as de-
scribed in section III-D. In details, we extracted from each
beat approximately the JT interval (plus 50 ms after the end
of the T wave). As we were interested in the lead factors
and not the dominant T wave itself, the exact location of the
fiducial points was not necessary and a loose approximation
sufficed (this is one of the advantages of the method). To avoid
outliers due to artifact in the ECG, only those JT intervals
where the DTW showed a cross-correlation larger than 0.9
with a common template were included in the computation of
Vi.
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The computed V–index are reported in figure (5). The
results matched the ones of Kääb et al.. The V–index was not
significantly different at enrollment between control and case
group (p = 0.11 two samples t-test) while become significant
after sotalol infusion (p < 0.05). Also the paired t-test within
each group showed to be highly significant before and after
drug infusion (for both p < 0.01). Out of 34 subjects, the
V–index increased in 30 (p � 0.001). Due to different ECG
lengths and recording quality, for several records the metric
was computed with a small number of beats (for 8 cases we
used less than 64 beats, only 17 cases had at least 128 beats at
disposal). The QTc values used in the previous study [40] were
not available in the database, so a direct comparison could not
be established.

VI. DISCUSSION AND CONCLUSION

In this work we proposed a method to estimate the standard
deviation of the myocardial repolarization times from the
surface ECGs. It is rooted into the surface source model which
links the potential in a lead with the cellular transmembrane
action potentials. Our work build on the concept of dominant
T wave introduced by van Oosterom about a decade ago.

We verified, building synthetic ECG signals, that the analyt-
ical predictions of equation (16) were confirmed by numerical
simulations. Also we showed that the V–index scaled linearly
with the standard deviation of the repolarization times sϑ
(R2 = 0.9992). This matched the results of Huysduynen et al.
[15], where the indexes T-wave symmetry, T-wave amplitude5

and T-wave area scaled linearly with sϑ in a related simulation.
However, the V–index represents a first attempts toward a
direct measurement of sϑ, while the others methods only
provide an indirect assessment.

On the other hand, the simulations showed that the corre-
lation terms in equation (16) and, more notably, the method
used to estimate the lead factors w1 and w2 from the ECG,
introduced a bias in V . While this is unavoidable at the
moment, more research should be envisioned in increasing
the reliability of these estimates – for example exploring a
parametric description for Td as suggested in [42].

Finally, the tests made on the real ECG recordings, showed
that the V–index, while needing improvements and further
development for practical applications, provided estimates of
the standard deviation of the repolarization times which were
reasonable and which paired with what expected from the
previous study of Kääb et al. on the same data.

Concluding, the V index might provide a measure of the
repolarization dispersion from the surface ECG clearly linked
to a recognized electrophysiological model.

5A larger heterogeneity of repolarization times is known to increase the
amplitude of the T waves, i.e. see figure (1). So, it comes natural to question
if the differences noticed by Kääb and coworkers, and confirmed by the V
index in here, could have been detected simply comparing the amplitudes
of the T waves. This becomes even more intriguing after noticing that,
in the JT interval, maxj ψi,j ≈ w1(i)maxj Td(j). To check this idea,
for each ECG, we computed the root mean square curve, i.e. RMS(j) ≈
Td(j)

[∑L

i=1
w2

1(i)/L
]1/2

as in [18], and located its maximum value in
every JT interval. The median of these maxima, once compared between
the different groups of patients, never turned out to be significantly different
(t-test). This is consistent with the fact that effects of sotalol on T wave
amplitudes were shown to appear only at higher doses or later in time [41].
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Fig. 5. The values of the V–index computed on the ECG recordings of the
THEW’s E-OTH-12-0068-010 database. Please refer to section V for details.
The average values of V were: for the control group, V = 35.0 ± 13.7 ms
(before sotalol infusion) and V = 52.4 ± 22.8 ms (after sotalol infusion);
for the study group, V = 51.8± 39.7 ms (before) and V = 81.0± 48.1 ms
(after). Overall, for the entire population V = 43.4 ± 30.4 ms (before) and
V = 66.7± 39.8 ms (after).

APPENDIX A
ESTIMATES OF THE DTW AND THE LEAD FACTORS

A. First order approximation of D(t)

Van Oosterom mentioned two different ways to estimate
Td. Initially he suggested [25] the average of the potentials
in Ψ weighted by their integrals eT1 ΨT , that is6

Td = c1e
T
1 ΨTΨ. (19)

Implicitly he implied that

w1 =
Ψe1

Tde1
.

Soon after, observing that the series expansion implied by
equations (4) and (5) is a composition of rank-1 matrixes, with
some resemblances with the more classical rank-1 decompo-
sition obtained through singular value decomposition (SVD),

Ψ = UΛVT =

L∑
i=1

uiλiv
T
i .

he hinted [43] to an estimate for Td obtained also with

Td = c2λ1v
T
1 (20a)

w1 =
u1

c2
. (20b)

Similarly, in [42], Td was computed through principal com-
ponent analysis (PCA) as

Td = c3ζ
T
1 Ψ (21)

6In equations (19), (20a) and (21), the scalars c1, c2 and c3 are set so that
the integral of Td(t)

−
∫ tre

tde

Td(τ) dτ ≈ 100

evaluates to the average difference in the intracellular potential before (tde)
and after repolarization (tre), e.g. 100 mV.
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where ζ1 is the [L×1] eigenvector of the inter-leads covariance
matrix Ψ

(
I− e1e

T
1 /N

)
ΨT associated to the largest eigen-

value. But ζ1 ≈ u1 and the two estimates in equations (20a)
and (21) are nearly identical.

When the singular value λ1 � λi6=1, even the two equations
(19) and (20a) produce very similar values. In fact,

ΨTΨ = VΛ2VT =

L∑
i=1

λ2
iviv

T
i ,

hence

eT1 ΨTΨ =

L∑
i=1

(λ2
i e
T
1 vi)v

T
i ≈ (λ2

1e
T
1 v1)vT1 .

However, as shown in [33], the estimate in equation (20a) is
optimal in the sense that it minimizes the Frobenius norm of
the quadratic error

ε = ‖Ψ−w1Td‖F , (22)

thus offers the best rank−1 approximation to the matrix of the
surface potentials.

B. Higher order approximation of D(t)

Lemay et al. [42] first suggested a technique to estimate
the DTW taking into account higher order derivatives of D(t).
The procedure was two-steps. Initially Td was estimated with
equation (19) and further approximated by fitting a smooth
analytical function with continuous derivatives (this decreases
the noise injected into the problem). Afterwards the lead
factors were computed with a linear parameter estimation
problem. The authors verified that fourth and higher-order
components of D(t) could hardly be distinguished from noise.
The focus of the procedure was on the DTW only, though, and
not on the lead factors.

A minimization of the Frobenius norm of the residual
matrix, similar to equation (22), is commonly pursued in
inverse electrocardiography. Coherently with this perspective,
in a preliminary research [38], we suggested to compute
simultaneously Td, w1 and w2 by minimizing

ε = ‖Ψ−w1Td −w2Ṫd‖F . (23)

The procedure was based on a finite difference numerical
approximation of Td and, for sϑ in the range 10 to 50 ms, it
demonstrated to be an improvement over previous methods.

A procedure, which offers further improvements, was devel-
oped and employed for this paper. We alternatively minimized
the functional

ε̂2 =

L∑
i=1

∫
JT

[
Ψi(t)− w1(i)Td(t)− w2(i)Ṫd(t)

]2
dt, (24)

which is a continuous-time extension of equation (23). A
classical result [44] states that the minimum of (24) is reached
for a function Td(t) which solves the Euler-Lagrange equation

Td(t)

L∑
i=1

w2
1(i)− T̈d(t)

L∑
i=1

w2
2(i) =

=

L∑
i=1

w1(i)Ψi(t)−
L∑
i=1

w2(i)Ψ̇i(t)

along with the conditions of transversality at the free borders

Td(t)

L∑
i=1

w1(i)w2(i) + Ṫd(t)

L∑
i=1

w2
2(i) =

L∑
i=1

w2(i)Ψi(t).

Then a second-order finite difference approximation leads to

Td(j)
[
‖w1‖2 + 2‖w2‖2/(∆t)2

]
− [Td(j + 1) + Td(j − 1)] ‖w2‖2/(∆t)2 =
L∑
i=1

{Ψi,jw1(i)− [Ψi,j+1 −Ψi,j−1]w2(i)/(2∆t)} ,
(25)

where ∆t is the inverse of the sampling rate, with

Ṫd(j) = −
∑L
i=1 [Td(j)w1(i)w2(i)− w2(i)Ψi,k]∑L

i=1 w
2
2(i)

(26)

for j = 1 and N . Summarizing, an estimate for w1 and w2

is computed first by solving{
w1‖Td‖2 +w2ṪdT

T
d = ΨTT

d

w1ṪdT
T
d +w2‖Ṫd‖2 = ΨṪd

T .
(27)

Then a new value for Td is obtained from equations (25)-(26)
and the two steps are iterated. We verified that 3 iterations
(which we employed consistently) grant, on average, an error
on the estimates smaller that 1%. The numerical procedure
is overall computationally efficient as it (approximatively)
minimizes the nonlinear functional by solving two linear
banded-diagonal systems of equations. Along these lines we
also built an estimate of w1 and w2 which takes into account
the third order derivative of D(t). It requires an extension to
the classical Euler-Lagrange equation [44].

A simpler and less effective technique is the one we termed
as “basic” in this paper. The lead factors are obtained via
successive reduction of the Frobenius norm. First both Td

and w1 are obtained with equations (20a)-(20b) and Ṫd(j) =
[Td(j+ 1)−Td(j−1)]/(2∆). Then w2 is forced to minimize
the residual

ε = ‖Υ−w2Ṫd‖F ,
where Υ = Ψ−w1Td. That is,

w2 =
ΥṪd

‖Ṫd‖2
. (28)

The “basic” estimates were used in our code (which is
available under request from the authors) to start the iteration
in equation (27).

As a final note, we acknowledge that the methods described
share the separate evaluation of w1 and w2. This might seem
questionable as both quantities depend on ∆ρ. On the other
hand, this appears reasonable if one considers that the large
number of sources in ∆ρ makes w1 and w2 practically
uncorrelated.
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